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This paper presents a comparative analysis of two textbook lessons on the same topic from U.S. textbooks to 
learn how differently-designed “exploratory” lessons may structure content to enable or constrain student 
inquiry. One lesson, representative of a “reform-based” textbook, contains investigations of conditions of 
triangle congruence. The second is a “technology lab” on triangle congruence from a “traditional” textbook, 
the design of which is atypical for that textbook. Framing a lesson as a mathematical story, this analysis 
exposes three distinct ways that these lessons are different: (a) the proportion of the lesson in which 
mathematical questions remain unanswered, (b) the manner in which content unfolds to address each question, 
and (c) the way in which open mathematical questions overlap to increase the dynamically-changing number 
of questions that are pursued. This contrast of the two lessons illuminates how a lesson structure can prevent 
an “exploration” from being exploratory. 
 
In the United States, calls for written curriculum that is designed to support inquiry and problem 
solving have been increasing in recent decades (e.g., NCTM, 2000; NCTM, 2014; CCSS, 2012). 
Curriculum designers and publishers have responded to this call by including “explorations” in their 
lessons, which we define as activities without proscribed procedures that are focused on answering 
at least one large mathematical question as the focus. However, given inevitable variations in the 
designs of explorations, we are concerned that some lessons that appear exploratory may not fully 
support student inquiry. As the call for shifting the mathematical experiences of students toward 
inquiry and problem solving becomes increasingly international, understanding how the designs of 
written curricula enable or constrain these experiences is needed. 
To begin to address this concern, this study compares two mathematical lessons on the same topic 
from U.S. textbooks to explain how the sequence of tasks in an activity may impact the experience 
of a learner. One lesson, representative of a “reform-based” textbook (“A”), contains investigations 
of conditions of triangle congruence. The second is a “technology lab” on triangle congruence from 
a “traditional” textbook (“B”), the design of which is atypical for that textbook. Comparing these 
lessons offers the opportunity to distinguish between differently-designed “explorations” and allows 
us to recognize how the structure of content may enable or constrain student exploration. 
THEORETICAL FRAMEWORK 
In order to compare the unfolding mathematical structure of these lessons, we interpret the 
mathematical content of written curriculum as a form of narrative. Specifically, we interpret how 
mathematical content unfolds sequentially for a reader as a mathematical story (Dietiker, 2013, 2014, 
2015). This conceptualization focuses on the mathematical content, interpreting mathematical objects 
such as numbers or triangles as characters of the mathematical story. This framing also considers the 
manipulation of mathematical objects as mathematical action. The setting of a mathematical story 
can be thought of as its representational space, such as a number line on paper (for adding integers) 
or on a plane represented with dynamic geometry software.  
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Drawing from the literary theory of Barthes (1974), we propose that a reader asks questions of a story 
(based on what limited information has been introduced so far) and continues reading in the hopes 
that these questions will be answered. As mathematical questions are raised and tackled, the changing 
moment-to-moment tension felt by a reader between what is known and what is desired to be known 
can be interpreted as the mathematical plot. Thus, a mathematical plot attends to two characteristics 
of the mathematical story: the sequence in which events occur within the story (i.e., the way the story 
controls what the reader learns and when they learn it) and what is known and not known by the 
reader throughout the story as the sequence unfolds (i.e., realizations made in the moment). In terms 
of a written mathematics lesson found in a textbook, the mathematical plot represents the coordination 
of the acts of the mathematical story (the sequential parts of the lesson) and a reader’s questions that 
are raised and addressed throughout the story (what is known and not known by the reader). 
METHODS 
In order to begin to address the research question, “How do mathematics written materials potentially 
enable or constrain explorations?” we compared two textbook lessons with explorations, both of 
which are the first lesson in their respective textbooks to introduce the side-side-angle triangle 
congruence ambiguity principle (sometimes referred to as “SSA”). We chose lessons focusing on 
SSA anticipating that differing treatments of the ambiguity might provide interesting variations in the 
lessons. One lesson was selected from Textbook A, a book that regularly features investigations. This 
textbook is also designed to focus on inductive reasoning whereby students are expected to conjecture 
based on the results of an experiment that involved geometric construction. The lesson in this 
textbook that was analyzed in this study (“Lesson A”) is the first of two that explore triangle 
congruence shortcuts. This lesson first introduces the idea of a congruence shortcut by describing a 
potential use of congruence shortcuts in building trusses for houses. It then lists the six potential 
triangle congruence shortcuts and structures paper and pencil explorations that test three of them – 
Side-Side-Side (SSS), Side-Angle-Side (SAS), and SSA. 
The other textbook lesson was selected from Textbook B, which is generally designed so that most 
lessons provide definitions, examples, and theorems directly before presenting tasks or questions for 
students. However, the lesson analyzed in this textbook (“Lesson B”) deviated from the majority of 
lessons in Textbook B by consisting solely of two explorations. These explorations, which require 
the use of dynamic geometry software, ask students to manipulate specific dimensions of triangles 
while holding others constant. After the figures are manipulated, the text asks students to observe that 
Angle-Angle-Side (AAS) and SAS combinations are congruence shortcuts while SSA is not. 
For each textbook lesson, only the recommended instructional components of the lessons were 
analyzed as part of the mathematical story of the lesson, as opposed to optional parts or homework 
problems. The mathematical plot of each lesson was analyzed by identifying three aspects of each 
mathematical story which are described below: the acts, mathematical questions raised by the story, 
and all forms of progress on each question. The mathematical plots were then compared to learn how 
the lessons were similar or different. 
Acts. First, each mathematical lesson was interpreted as a mathematical story that connects start to 
finish. In order to determine the sequence of the textual parts, the lessons were assumed to flow from 
top to bottom of each page. For callouts, such as teacher notes on the side of the page, the text was 
linked to corresponding portions of the student text in order to determine its placement within the 
sequence of the mathematical story. 
With the sequence determined, each mathematical story was then subdivided into multiple, sequential 
acts. A new act was identified each time new story elements (i.e. mathematical characters, actions, 
settings, or relationships) were introduced or became the focus of the lesson.  
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Mathematical Questions. Once the acts of the mathematical story were defined, the mathematical 
questions that emerge throughout the story were identified. Both explicit questions raised by the text 
and implicit questions suggested by goal statements or other content were coded. For example, the 
goal statement “In this lesson you will learn about congruence shortcuts for triangles” can raise the 
implicit question, “What is a congruence shortcut?” These questions were identified by individual 
coders, who then met to resolve differences. 
Coding Forms of Progress on Mathematical Questions. Then, for each question, the research team 
tracked throughout the lesson any change in what is known about that question, whether it is some 
part of its answer (which we referred to as partial answer) or some form of misdirection that subverts 
progress (e.g., when a textbook implicitly sets up an incorrect assumption, which we refer to as 
equivocation). Table 1 lists the mathematical plot codes, adapted from Barthes (1974), that describe 
how progress can be made (e.g. partial answer) or thwarted (e.g., equivocation) toward the answer 
to each question. Collectively, the transition from the formulation of each question to its answer forms 
a story arc. Story arcs can last for just one act if the question is immediately answered, or they can 
extend for the entire lesson. By juxtaposing the acts as columns with the mathematical questions as 
rows, the mathematical plots are represented as diagrams in Figures 1 and 2. The shading in each row 
illustrates in which acts the question is open and thus represents a story arc for a mathematical 
question.  
 
Table 1. Mathematical Plot Codes adapted from Barthes (1974) 
 Code Description 
0 Proposal A hint or undefined mystery that sets up anticipation. 
1 Formulate Question A question that is raised explicitly or implicitly in the text. 
2 Promise An explicit indication that a question will be answered later. 
3 Partial Answer Progress is made toward an answer without endorsement. 
4 Equivocation Misdirection through ambiguity that leads to an incorrect 
assumption.  
5 Delayed Disclosure A question is formulated and answered by the reader in the same 
act but is disclosed more than one act later.  
6 Disclosure An explicit revelation of the answer in the text (or a teacher is 
directed to disclose the answer). 
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Figure 1. Mathematical plot of Lesson A, where each digit in the story arcs refers to a 
mathematical plot code in Table 1. 
  
 
Figure 2. Mathematical plot of Lesson B, where each digit in the story arcs refers to a 
mathematical plot code in Table 1. 
 
FINDINGS 
By analysing the mathematical plots of these selected lessons as represented in Figures 1 and 2, we 
have identified three mathematical plot characteristics that describe structural ways in which these 
explorations differ that can potentially impact the experiences of a learner.  
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Story arc length. In general, Lesson A has longer story arcs, keeping mathematical questions open 
for longer and thus allowing and fostering sustained curiosity. On average, story arcs in Lesson A 
remain open for 4.5 acts whereas the story arcs in Lesson B remain open for 2.4 acts. A majority 
(63%) of its story arcs are open for more than one act. In fact, Lesson A is particularly interesting as 
it raises mathematical questions that are not addressed until the next lesson, which creates the 
opportunity for students to wonder about these congruence shortcuts independently after the end of 
this lesson. 
In contrast, despite having two explorations, Lesson B is designed for questions to be answered 
relatively quickly. In its mathematical plot, a majority of its story arcs (60%) are only one act long. 
Even some story arcs that are longer than one act are shortened by delayed disclosures, which occur 
when the textbook shifts the focus after students address a question, but then discloses the answer 
one or more acts later.  
The unfolding of content within story arcs. Within the story arcs of both lessons, the nature of the 
unfolding content further demonstrates how these lessons enable or constrain exploration. For 
example, the story arcs in Lesson B are much more active than those in Lesson A. On average, 76% 
of each Lesson B story arc, vs. 47% of each Lesson A story arc, contains at least one code describing 
some changing aspect of the content. This difference is reflected in Figures 1 and 2 as there are more 
shaded cells that are empty (i.e., without codes) in Lesson A than Lesson B. Thus, Lesson A provides 
more opportunities for readers to wonder about questions even when they are not being actively 
addressed. This structure helps build in students a habit of inquiry whereby they are looking for 
answers rather than expecting to be guided to them.   
One prominent way that Lesson A keeps some questions open for long portions of the mathematical 
story without changing what is known is through promises. For many of the key mathematical 
questions of Lesson A, such as Questions #12 – 16, the mathematical story promises answers (code 
“2”) that will not become realized for a reader for as many as seven acts. These promises assure 
students that the questions will be answered, thus encouraging students to wonder about them even 
when the questions are not the explicit focus of the current activity.  
Although both lessons have two equivocations, that is, instances in the lessons when students are 
encouraged to make an incorrect assumption, the equivocations in Lesson A potentially support 
sustained curiosity while those in Lesson B do not. The equivocations in Lesson A occur in Act 6 
when the book displays the six potential triangle congruence shortcuts. All six are displayed by 
marking the congruent parts on triangles that appear congruent. This suggests that all six potential 
shortcuts guarantee the congruence of triangles. This is coded as an equivocation for Questions #15 
and #16 (Is SSA a shortcut? and Is AAA a shortcut? respectively) since these pairs of given measures 
do not guarantee congruence. This equivocation supports student inquiry because it contradicts an 
accompanying statement in the text that indicates that some of the combinations of information 
(AAA, AAS, ASA, SSA, SAS, and SSS) will guarantee congruence and others will not. Thus, 
students are directly challenged to resolve this contradiction and carry these questions into the next 
act. 
In Lesson B, no such contradiction is created by the equivocations. The first equivocation occurs in 
Act 10 when students construct an SSA triangle where the included angle has two possible measures. 
This enables students to answer “no” when asked whether constructing a triangle given Side-Side-
Angle can result in only one triangle. This is an equivocation because there are, in fact, conditions 
under which SSA does form only one triangle. However, unlike in Textbook A, Textbook B offers 
no indication that there is any other possibility, so the equivocation does not support student curiosity. 
A second equivocation in Lesson B, in Act 11, occurs when students learn that SSA right triangles 
form only one triangle and use this fact to answer a problem that asks students to identify what type 
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of non-included angles result in only one triangle. Since the expected answer to this problem is a right 
angle and since the tasks never propose the investigation of other types of angles, the lesson enables 
a student to assume that right triangles are the only case of SSA that only form one triangle. This 
precludes a student from recognizing that when the given non-included angle is obtuse and only one 
triangle is possible (see Figure 3). Again, since there is no indication that another answer is possible, 
the equivocation does not spur student curiosity. 
 
 
 
 
 
 
Figure 3. A case where two side lengths a and b and non-included obtuse angle A are given 
and only one triangle is able to be constructed. 
 
Density of open mathematical questions.  An analysis of the density of each lesson, which is a 
measure of the number of open story arcs in each act, also reveals how these mathematical stories are 
different. The average density in Lesson A, that is, the average number of open questions per act, is 
8.3 as compared to 3.7 for Lesson A. In other words, on average, each act in Lesson A has twice as 
many open questions as Lesson B. This means that Lesson A has a “thicker plot,” making it more 
likely to offer a general sense of a multifaceted lesson. A reader is offered much to consider at any 
given moment and the potential for reader anticipation is likely to be higher.   
The overlapping story arcs in Lesson A also tend to cluster more than in Lesson B. In the plot diagram 
of Lesson A, large blocks of adjacent multi-act story arcs are evident, while in Lesson B, the 
overlapping story arcs are more scattered. This suggests that the story arcs in Lesson A are more 
related to each other, and build on each other progressively, providing an enhanced feeling of 
coherence to the lesson.    
The changing levels of density as the lessons progress suggest that Lesson A might provide a more 
engaging structure of inquiry than Lesson B. As can be seen in Figure 4, the number of open 
mathematical questions in Lesson A increases for nearly the first half of the lesson. It reaches a peak 
of 15 open questions in Act 6, after which it then begins to resolve more questions than it opens. This 
decrease in density continues for approximately a quarter of the lesson, after which it levels off to 
have about 9 open questions through the end of the lesson. In comparison, Lesson B instead maintains 
a relatively constant amount of open questions (either 3 or 4) for a majority of the lesson. It does 
increase to 6 open questions midway through the lesson (in Acts 7 through 9) before returning to a 
level state in Acts 10 through 14. Finally, the density of Lesson B drops to 1 question as it ends. 
 
A 
a 
b 
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Figure 4. The density of inquiry of Lessons A and B. 
 
The difference in the shape of density between these two lessons highlights a potential felt difference 
in the way in which the lesson could be experienced by a student. When mounting questions increase 
in a literary story, a deepening sense of mystery can result in a feeling of suspense. In a similar way, 
when a mathematical story enables a reader to recognize an increasing number of questions that are 
unanswered and under consideration over a prolonged period of time, there is a similar potential for 
heightened anticipation for the questions to become answered. For this reason, we conclude that the 
design of Lesson A, with its numerous overlapping story arcs, enables a reader to develop a sense of 
growing mystery throughout the first part of the lesson. These layers of related, unanswered questions 
that remain open for long periods of time can allow students to anticipate a “climax” during which 
the plot “turns” to resolve tension. In contrast, Lesson B feels “flat,” and therefore may be experienced 
as predictable and uninteresting.  
DISCUSSION 
Our study illuminates how a lesson structure can prevent an “exploration” from being exploratory. 
The mathematical plot of Lesson B is designed in a way that does not facilitate sustained curiosity.  
Readers are prevented from developing an interest in where the lesson is headed due to short story 
arcs that are only open when a question is being addressed and a lack of promises and contradictions. 
A consistently thin plot means that Lesson B provides little to wonder about at any given time and 
does not build to any dramatic moment. In contrast, the mathematical plot of Lesson A is sequenced 
to slowly reveal and withhold information in a way that cues the learner of what lays ahead, which 
can potentially increase student curiosity and sustain the student’s interest in completing the story. 
Lesson A raises and keeps open multiple questions through significant portions of the story. It also 
uses ambiguity, promises and a progressively thickening plot to potentially increase anticipation and 
curiosity for what is to come.  
We propose that the design of Lesson B may be constrained by the broader mathematical story within 
which it is placed (i.e., the sequenced lessons that come before and after), which likely creates an 
expectation from readers that mathematical questions will be asked and answered quickly and in a 
straightforward manner. The regularity with which explorations are used in Textbook A, however, 
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may prepare readers to persevere though story arcs that not only last longer but stay open in the 
background and even take an indirect path to disclosure. Further study is needed to learn whether, in 
general, the broader design principles of textbooks impact the extent to which explorations support 
inquiry in the way that Lesson A does in this study.  
Thus, we argue that the mathematical story framework offers new understanding of how designed 
textbook content incrementally emerges and changes as a lesson unfolds. This understanding is 
important as it can distinguish between textbooks that add only superficial features that appear to be 
consistent with reform from textbooks that are structured throughout to provide students with the 
experiences that reforms are designed to promote. This distinction is not only important for 
researchers as they examine curricular materials and decision makers as they choose materials, but 
can also help curriculum writers and teachers make the design and pedagogical decisions that shape 
the daily instruction of students in the classroom.   
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